We construct the Georgi-Glashow Lagrangian for gauge group SU q (n). Breaking this symmetry spontaneously gives q-dependent masses of gauge field and vacuum manifold. It turned out that the vacuum manifold is parameterized by the non-commutative quantities. We showed that the monopole solutions exist in this model, which is indicated by the presence of the BPS states.
I. Introduction II. The SU q (2) and Yang-Mills Theory A. SU q (2) Transformation
We briefly review the SU q (2) theory which was developed by Woronowicz [3] . The fundamental representation of SU q (2) is given by
where α, γ, α * , γ * are operators satisfying certain algebras [8] .
We denote R as polynomial rings which are generated by I, α, γ, α * ,and γ * and M N (B) as a set of N × N matrices whose entries belong to the set B. Let R ′ be the set of the representations of R whose operators act on a Hilbert space H [3] . We define the product of w 1 and w 2 as [3] 
2) which acts on H ⊗ H and it is closely related to the coproduct defined on R. The * -operation is the complex conjugate for complex numbers. The ⊗-product of operators R or R ′ is defined by (a 1 ⊗ a 2 ⊗ ... ⊗ a n ) (b 1 ⊗ b 2 ⊗ ... ⊗ b n ) = a 1 b 1 ⊗ a 2 b 2 ⊗ ... ⊗ a n b n . (2.3)
We denote the set of w m ⊕ w m−1 ⊕ ... ⊕ w 1 as C m and it has inverse C −1 m .
B. Group Theoretic Representation of w
In this subsection we review the group-theoretic representation of SU q (2) which was studied by Woronowicz [3] . It turned out that the representation theory of SU q (2) is quite similar to that of SU (2) . The matrix W ∈ M N (R)is said to be the representation of w if it satisfies [3] ∆ (W ij ) = (W ⊕ W ) ij ≡ N k=1 W ik ⊗ W kj ; i, j = 1, 2, ..., N , (2.4) where ∆ is the coproduct which is defined as
5)
We define the set C N m by
The differential calculus of SU q (2) is discussed in Woronowicz [3] , in which coordinates are non-commutative operators. The 3D calculus which was studied by Woronowicz [3] , is not only left-covariant but also has simple structure and mysteriously works well even for the higher order differential calculi. Here we briefly recapitulate the 3D calculus of Woronowicz.
The linear functionals χ 0 , χ 1 , χ 2 , f 0 , f 1 , f 2 , e on R are defined by
The convolution product of a linear functional X on R, and a ∈ R, is defined by
where a ′ i and a ′′ i are given by ∆ (a) = i a ′ i ⊗ a ′′ i . The differential operator d is defined by
where ω k , k = 0, 1, 2, are the bases of the space of differential 1-forms. The higher order differential calculus can be defined to maintain the property
where t 11 = 1, t 02 = −1 q , and t 20 = −q.
D. Local SU q (2)
Let x = (x 0 , x 1 , x 2 , x 3 ) be coordinates of the four dimensional Minkowski spacetime and α (x) , γ (x) , α * (x) , γ * (x) ∈ R be the x-dependent representations of α, γ, α * , γ * ∈ R respectively, as operators acting on the Hilbert space H introduced in 2.1. To discuss the field theory of SU q (2), it is inevitable to consider the functions of x, α (x) , γ (x) , α * (x) , γ * (x) and their derivatives with respect to x µ . We denote the set of functions of the form g [x] ≡ g (x, α (x) , γ (x) , α * (x) , γ * (x)) by R ′x . The functional X x on R ′x should be introduced so that X x (w (x)) = X (w), e.g., as
where ω x k ,k = 0, 1, 2 are the analogue of the previous ω k and ∂ µ g [x] is the conventional partial derivative of g [x] with respect to the explicit xdependence of g [x]. A consistent set of rules is derived from the result of Woronowicz [3] by supposing that ω x k and d x g [x] decompose as ω x k,µ dx µ and (D µ g [x]) dx µ respectively, and assuming that {dx µ , dx ν } = [dx µ , a] = 0, a ∈ R ′x , µ, ν = 0, 1, 2, 3. We call the above procedure as the Z-procedure [8] . The Z-procedure leads us to the following definition of the partial derivative
) Yang-Mills Theory
In this subsection, we briefly review the SU q (2) Yang-Mills theory constructed by Hirayama [8] . We suppose that the components of the gauge field, A k,µ (x) , i = 0, 1, 2, µ = 0, 1, 2, 3 respectively. We postulate that
where t 02 = −q, t 20 = −q −1 , and t 11 = 1. Throughout this subsection we denote
The vector field A k,µ (x) transform as
the field in the gauge W (x). In (2.22), g is the gauge coupling constant,
Then we have
then we find that
The transformation law of F W µν (x) is given by
The Lagrangian density of the local SU q (2) invariant field theory should be independent of the choice of W (x), the dimensionality N and the integer m.
We begin with defining S W kl by
A. Gauge Field and Scalar Field
We introduce the gauge field and the scalar field which are fields that present in the Georgi-Glashow model. We consider the components of gauge fields and scalar fields are A k,µ (x) and φ i (x),where i = 0, 1, ..., n 2 − 2, and µ = 0, 1, 2, 3 respectively.
If Ψ i , i = 0, 1, ..., n 2 − 2 are fields, then we generalize the Hirayama's postulate to
From the equation (2.23), we generalize the vector field A k,µ (x) to
and its transformation are given by
and for the scalar field φ(x)
The additional property of the gauge field is
and for the generator is
Thus we have
which have the same form as the equation (2.26).
For the scalar part, the transformation law of ∇ W µ φ W is also given by
B. The Construction of Georgi-Glashow Lagrangian
A similar reason from the previous section can be applied that the Lagrangian density of the local SU q (n) invariant field theory should be independent of the choice of W (x), the dimensionality N and the integer m.
where ρ N is given by ρ N = (σ N ) −1 . If we define K N by
then the product K N S W kl is independent of W . We now define the τ -quantities of any function F W (x) by
17)
and F W (x) is function F (x) and transform with respect to the gauge transformation W (x) ∈ C N m . If we transform the τ -quantities of any function F W (x) by the gauge transformation W ′ (x) ∈ C N n , then its transform to
Then we construct the Georgi-Glashow Lagrangian by
As we expect, the pseudoscalar quantity is also gauge invariant, i.e.,
21)
where F W,µν = 1 2 ε µνρσ F W ρσ and ε µνρσ is the Levi-Civita symbol for 3+1 dimension.
Then according to Witten [9] , we can construct Georgi-Glashow model with an additional θ−term
where θ is a real parameter and e is the charge unit.
C. Equation of Motion
Before we derive the equation of motion from Lagrangian (3.22), first we must define the variation of the Lagrangian. Given any function of Ψ i and D µ Ψ i , where Ψ i is a field with i = 0, 1, ..., n 2 − 2, then variation of
where ∂ ∂Ψ i and ∂ ∂(DµΨ i ) are the usual partial derivative of Ψ i and D µ Ψ i , respectively. From the above definition we get the equation of motion
We can write the equation (3.19 ) in component fields
(3.25) From equation (3.23), we can define the energy-momentum tensor as
where index (i) are numbers of fields and η µν = diag (−1, 1, 1, 1) is the metric tensor. Then by equation (3.24), we get the equation of motion for the Lagrangian (3.25)
If we compare with the equation of motion for the Lagrangian (3.22), that is
where j ρ i is the same as (3.28), except there is an additional θ-term. If we want to preserve Witten's theory [9] , i.e., the θ−term does not affect the equation of motion, then we must impose the constraint
We called the equation (3.30) as the Bianchi constraint.
In the case of classical Lie group, the Bianchi identity, ∇ µ F µν = 0, where ∇ µ = ∂ µ + igA µ , and the Bianchi constraint, equation (3.30), coincides. But in the case of quantum group they are different, because the Bianchi identity comes from the geometry while the Bianchi constraint comes from the variation of Lagrangian. The relation between them is not clear until now.
We see from equations (3.25) until (3.30), there are always appear quantities K N S W kl which are always independent of the choice of the representation of the gauge group and a noncommutative factor c lk . We will see later that both quantities are also appear in the parameter of the vacuum manifold, i.e. u 2 , in the field strength corresponding with unbroken subgroups, and in the BPS bound mass.
IV. BPS States and Vacuum Manifold of the Model

A. Vacuum Manifold of the Model
In this section we begin to find the vacuum configuration in this theory. We start with the energy-momentum tensor of the model which can be derived from Lagrangian (3.25) , that is (without the θ-term)
Then we define a norm denoted by , i.e., : F nc → R, where F nc is a noncommutative field and R is a real field , such that
and it vanishes only if
3)
The first equation in (4.3) implies that in the vacuum, F µν a is pure gauge and the last two equations define the Higgs vacuum. The structure of the space of vacua is determined by
Therefore, the Higgs vacuum is defined by φ † , φ = 0, which implies that φ takes values in the Cartan subalgebra of the gauge group SU q (n). We denote by U q (1) n−1 a subgroup of SU q (n), which is generated by elements of the Cartan subalgebra of the gauge group SU q (n). It is clear that U q (1) n−1 is the unbroken subgroup of SU q (n) which keeps the Higgs vacuum invariant. There the Georgi-Glashow model has a family of vacuum states. Vacuum manifold, which is formed by the potential (4.4), parameterized by gauge invariant quantities. For this model, we have the gauge invariant quantity parameterizing the space of vacua, that is
which is similar to Seiberg-Witten theory [10] . For SU q (2) gauge group, the parameter u n in (4.5) is
As we mention above, if we write the above equations in their components, then quantities K N S kl appears in the parameter of the vacuum manifold. Then, up to a gauge transformation , we can take φ = aχ 1 , so the parameter u 2 in (4.6) becomes
where a ∈ C nc and C nc is the noncommutative complex field. If we take values of φ in Cartan subalgebra, i.e., φ = aχ 1 , then the Lagrangian (3.25) becomes
where dots denote higher order terms. From the above Lagrangian we can read off the masses of the gauge fields as follow m 0 = q 6 1 + q 2 a * a 1/2 (4.9) m 1 = 0 m 2 = q −6 1 + q 2 a * a 1/2 . B. U q (1) n−1 -Field Strength and BPS States
In this subsection, we derive the solution of the second equation in (4.3), then find the field strength corresponding to the unbroken part of the gauge group, i.e., U q (1) n−1 .
Let φ
(v) i denote the field φ i in a Higgs vacuum. It then satisfies the equations
We find that the solution of the second equation in (4.9) is
and
is the minimal number of inversions in permutation σ [1] .
If we define
then we get
The field strength F µν corresponding to the unbroken part of SU q (n) can be identified as
BPS States
In this subsection, we derive the Bogomol'nyi bound[14] on the mass of dyon in terms of its electric and magnetic charge, which are sources for the equation (4.18). We define the electric and magnetic charge as 
V. Conclusion and Outlook
In this paper, we have constructed the SU q (n) Georgi-Glashow model (also with θ-term). The equation of motion, besides the fields, depends on quantities K N S W kl which are independent of the representation of the gauge group and a noncommutative factor c lk . In the case of classical Lie group, the Bianchi identity and the Bianchi constraint, equation (3.30), coincides. But in the case of quantum group they are different, because the Bianchi identity comes from the geometry while the Bianchi constraint comes from the variation of Lagrangian. The relation between them is not clear until now. We break the gauge symmetry spontaneously and this gives rise to the masses of gauge field which depend on q and a, where a is the vacuum parameter. The vacuum manifold is parameterized by the gauge invariant quantity which depends on a scalar field φ. We get the field strength corresponding to the unbroken subgroup, U q (1) n−1 , and the q-dependent BPS bound mass.
For further work, we extend the problem to the supersymmetric case, especially the Seiberg-Witten theory [13] .
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